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Abstract— This paper presents a technique for solving
multiclass classification problems using a coevolutionary
approach. There are m populations, where m is the num-
ber of classes. Individuals from different classes work
together to define a classifier, while individuals from the
same population compete among them to define the best
rule for a class. Finally, the best classifier is selected ac-
cording to its performance. Experiments are conducted
on different publicly available data sets.
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I. Introduction

Classification is a supervised learning technique
which takes labeled data samples and generates a model
(classifier) that classifies new data samples in different
predefined groups or classes [1]. Classification has been
widely studied in areas such as machine learning and
data mining [1],[2]. Classification has received special
attention of soft-computing techniques such as fuzzy
logic [3], [4], neural networks [5],[6] and evolutionary
algorithms [7], [8]. In particular, fuzzy logic has been
successfully applied in solving classification problems
where boundaries between classes are not well defined
[10].

Rule Based Classifiers (RBCs) crisp or fuzzy, are easy
to interpret given the simplicity of its representation (IF
X AND Y THEN Z). On the other hand, evolutionary
algorithms are widely recognized by their ability to find
appropiate solutions. These characteristics have mo-
tivated several research works in aplying evolutionary
and soft computing techniques to generate RBCs [13],
[14], [15]. These techniques are called Genetic Rule
Based Systems (GRBS) [16], [17].

A Genetic Rule Based System (GRBS) includes any
technique that combines RBCs and Evolutionary Algo-
rithms (EA) to generate RBC [16]. All of the proposed
GRBS approaches differ from each other in at least one
of the following aspects: number of rules that each indi-
vidual encodes, the type of the rule expression encoded
by an individual, and the scope of the evolutionary pro-
cess [16], [14].

According to the number of crisp/fuzzy rules that
each individual of the population encodes, GRBS can
be divided in two broad approaches: Pittsburgh and

Michigan. In the Pittsburgh approach, each individ-
ual of the population encodes a set of rules that will
compose the RBC [19], [20], [21]. In the Michigan ap-
proach, each individual of the population encodes one
rule. Michigan approaches are further divided in two
groups: simple and iterative learning. In the simple
approach, all the rules are evolved using a single EA
run. In the iterative learning approach, the set of rules
is evolved in several runs of an EA (a rule is evolved in
each run) [8], [9].

Many machine learning techniques have been de-
signed to solve binary classification problems, i.e,
those that only can discriminate between two classes.
Since classification problems frequently involve several
classes, some techniques (binarization techniques) have
been developed to transform a multiclass problem in
several two class problems [11] .The most popular bi-
narization techniques are: Unordered or one against all
and Round Robin. The Unordered technique transforms
an m-classes problem into m two-class problems, where
a classifier differentiates a class between all the others.
The Round Robin transforms a m class problem into
m(m- 1)/2 two class problems by defining one classi-
fier for each pair of classes. For each technique, the
generated classifiers are trained using a specific learn-
ing mechanism such as neural networks or fuzzy rule
evolution [12].

However, the construction of a classifier using bina-
rization techniques can be expensive since it requires
more than one execution of the specific learning mecha-
nism depending on the number of classes of the problem
and the applied binarization method.

To solve this problem, this docuemnt presents a co-
evolutionary technique to evolve fuzzy rules. The idea
is to codify only the conditional part of a rule and ad-
ditional information about the process of generating
a classifier from that rule and the rules generated by
other individuals. A classifier is generated by individu-
als that work well together. This characteristic allows
us to avoid the problem generated by the overfitting
of individuals.1 Using a coevolutionary approach, the

1An overfitted individual can generate an overestimation for a
specific class, reducing considerably the classifier performance.



fitness function is calculated over groups of individuals
and not over an individual in particular. Then a single
run of an evolutionary algorithm is used to obtain an
efficient classifier.

Section 2 describes the coevolution concept and its
previous applications to evolve fuzzy rules. Section 3
exposes the proposed technique. Section 4 presents and
analyzes the obtained results over some data sets. Fi-
nally, section 5 draws some conclusions.

II. Coevolution

Many times, the natural evolution is seen as a popu-
lation living in a fixed environment, but this is not to-
tally true. Due to interactions among different species,
a change in an specie or in a group of them affects the
other species at different levels. In biology, coevolution
is used to show that species that live in an environment
try to survive depending one on each other.[18]

Traditional evolutionary algorithms work on a fixed
environment. In this case the fitness of the individuals
is measured using a predefined fitness function. After
many generations, the evolutionary algorithm makes in-
dividuals to adapt to the environment according to the
established fitness function.

Following the scheme of an environment with interde-
pendent species, coevolutionary algorithms have arisen
as an answer for solving problems where the traditional
evolutionary algorithms do not work in a satisfactory
way[18]. Coevolution can be cooperative or competiti-
tive as well as interpopulation or intrapopulation. In
cooperative coevolution, the evolving populations work
together to obtain the best fitness [18], [22]. In com-
petitive coevolution each evolving population tries to
surpass the fitness obtained by the others [23].

Coevolution has been also used to solve rule classi-
fication problems. In the approach proposed in [24],
individuals (rules) of each population are evolved sepa-
rately and the classifier is generated with the best ones
of each population. A rule provides membership values
for each class, not for a single class. The antecedent
and the consequent of such fuzzy rules are defined only
using the logic operator and (∧)and.

In [25], Peña - Reyes and Sipper used a coopera-
tive coevolution for the breast cancer diagnosis prob-
lem, choosing representative individuals that collabo-
rate among them. They used two populations: the first
one evolves membership functions for each attribute.
The second one evolves rules having references to the
individuals of the membership functions population.
Therefore, the membership functions population de-
fines the antecedents of the rules into the rules pop-
ulation. It is important to emphasize that this cooper-
ative technique only was tested in a two-class data set
(breast-cancer), with good results, and its performance
in multiclass problems has not been determinated.
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Fig. 1. General scheme of COFRE

III. COFRE: Coevolutionary fuzzy rule

evolution

The fuzzy rule coevolutionary approach proposed in
this document has the following characteristics:

• Simultaneous application of the cooperative and
competitive schemes. All the individuals that be-
long to the same class compete among them to gen-
erate the best rule for a class. On the other hand,
the individuals of different classes work together
to generate the best classifier using the concept of
friends.

• The evolution of all the rules is done during one run
of the evoutionary algorithm. Although the indi-
viduals of an specific class compete among them,
their permanent interaction with the individuals
of the other classes allows the evolutionary algo-
rithm to evaluate no individuals by themselves but
groups of individuals defining a classifier. In this
way, the rule overfitting problem is avoided.

A. Friends

In the proposed scheme there are m populations,
where m is the number of classes. Individuals of a pop-
ulation i represent rules for class i and compete among
them while the individuals of different classes cooper-
ate to conform the best classifier. The classifier will be
defined by individuals that work well in group. In this
way, each individual encodes a rule and its friends (See
figure 1).

The friend concept allows us to extend the fitness
function definition from considering just one individual
to consider a group of them. Conceptually, an individ-
ual chooses a set of individuals, one from each of the
remaining population. Such individual and its friends
will define the classifier generated by such individual.
A friend is mainly a reference to an individual from
other population that represents a rule for a different
class. The purpose when using the friends concept is
to create an specialized group with good performance.
Therefore, for m classes, an individual will have m-1
friends, one for each one of the other classes.

During the evolution process each individual can
change its friends to obtain a better performance. Here



is interesting to emphasize that an individual’s friends
not necessarily will have that individual as their friend.
Also, the final best classifier will not necessarily be de-
fined by the best individuals of each population. It
means that friendship is not symmetrical.

In order to change friends, individuals have encoded
references of those friends in their chromosome. To
identify a friend, it is necessary to identify the popula-
tion that friend belongs to. Consider the k-th individual
of the i-th s-size population in an m classes problem,
the population of its f-th friend is defined by equation
1.

Akf
= ((i + (f − 1))modm) + 1 (1)

k ∈ [1, s] , f ∈ [1,m − 1] , i ∈ [1,m]

The encoded value for each friend indicates the po-
sition in its population. The new encoding scheme is
presented in the figure 2.

Individuals of each population evolve independently
allowing them to modify their rule and/or their encoded
friends, to compare the new fitness to the one of the
previous generation, applying an elitist criterion.

Figure 3 shows an example for the k-th individual
that belongs to class 2 with its friends (b and c) in a
3-class problem. Note that the reference to the position
of an individual’s friend from class 2 shown in figure 3b
is different from the reference of the friend of the same
class shown in 3c.

As it was mentioned before, there are m populations,
each one representing a different class. If the size of each
population is s = 2p, then p bits can be used to encode
the position of each friend. The individuals encoding
can be done with only one population, each individual
knowing its class and their friends (individuals of other
classes).

B. Fuzzy Rule Encoding

Only the fuzzy expression that corresponds to the
condition part of the fuzzy rule and positive expres-
sions, are encoded into a chromosome.

The encoding scheme will be HEAPs or Complete
Expresion Trees [26]. A HEAP tree is a binary tree
that is filled completely on all levels except possibly
the last level that is filled from left to right [29]. The
HEAP of a chromosome with n genes can be obtained
with the following process

Tr(a1..an) =




[λ, atom(a)] if n = 1
rep(Tr(a1..an−1), otherwise

atom(an), oper(an))

Here, rep(T, A, O) replaces the first leaf node of T
(using the level tree enumeration [29]) with the node
[firstleaf (T ), O,A].

The conditional part of the chromosome uses the
lineal structure presented in [26] and it was used by

Gómez to represent the expressions of HEAPs trees
to solve classification problems using binarization tech-
niques [12], [27]. This structure is defined as a list of
genes. Each gene encode an atomic expression (defined
as fuzzy variable [∈ / /∈] fuzzy set) and a logic operator
(∧ / ∨). The logic operator encoded in the last gene
is not taken into consideration because the number of
logic operators is one less than the number of atomic
expressions.

The used fuzzy set will be conformed with trapezoids
defined with two parameters [27]. The space attribute is
divided in q regions of the same length (q is a parameter
given by the user). This division generates q+1 control
points, see Figure 4a. Given two control points, x and y
(x ≤ y), it is possible to define the trapezoidal fuzzy set:
(max

{
0, x−1

q

}
, x

q , y
q ,min

{
1, y+1

q

}
), see Figure 4b.

log2(t) bits are used to encode t possible attributes,
one bit for the membership relation (∈ / /∈) and one
bit for the logic operator (∧ /∨). The number of bits
used for representing the fuzzy set depends on the scope
of the evolutionary process; whether it is a fixed fuzzy
space or a fuzzy set tuning. In this case that value will
be 2[log2(t + 1)].

C. Building the classifier

The friend concept implies to evaluate groups of in-
dividuals from different classes working like classifiers.
Classifier is generated as follow: for the k -th individual,
in an m classes problem, its friends are located and the
rule is generated with each one of them. Classifier for
the k -th individual from a population is defined as

Cl(Ik) = R(I) ∪ {R(Il) | Il ∈ Friends}
Figure 5 shows this idea for a 3 class problem.

D. Genetic Operators

In general, a genetic operator takes an individual
(and additional parents if needed) and produces a set
of offspring. Although, four genetic operators are de-
fined for evolving fuzzy rules in this paper, the proposed
approach is not restricted to work with such a set of op-
erators.

1. Variable Length Simple Point Crossover (VL-
SPX): Given two chromosomes A = a1a2..au and
B = b1b2..bv, of size u and v respectively, the
VLSPX selects a random point j in the inter-
val [2;min{u, v} − 1], and generate two offspring
C = a1a2..akbk+1..bu and D = b1b2..bkak+1..av.
When HEAPs are encoded, it is possible that VL-
SPX not only exchanges genes but also modifies
one of them (if the crossover point is selected in
the middle of such gene).

2. Single Bit Mutation (SBM): Given a chromosome
A = a1a2..au, the SBM produces an offspring by
flipping one random bit in it, C = a1a2..ak..au.

3. Gene Addition (ADD): Given a chromosome A =
a1a2..au of n genes, the ADD operator produces
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Fig. 4. Tunning of a trapezoidal membership functions

an offspring by generating a random gene r and
appending it to the end of the chromosome: C =
a1a2..aur.

4. Gene Deletion (DEL): Given a chromosome A =
a1a2..au of u ≥ 2 genes, the DEL operator pro-
duces an offspring by removing the last gene of the
chromosome, C = a1a2..au−1.

E. Performance Evaluation

As it was previously mentioned, fitness function not
only applies for an individual but for a set of them. For
any individual, its fitness function will be:

fit(I) = w ∗ AC(Cl(I)) + (1 − w) ∗ (1 − FRL(R(I))
M )

where AC is the accuracy of the classifier defined by
the individual an its friends and is equivalent to the
sum of the diagonal of the fuzzy confusion matrix (See
table I), FRL is the fuzzy rule length, i.e., the number

of atomic conditions that defines the fuzzy rule, and M
is the maximum number of atomic expressions defining
a fuzzy rule. Since this is a multiobjective optimiza-
tion problem, the weighted sum technique was used and
small rules with collective good accuracy are preferred.
Here, w is the weight associated to the reached accuracy
by the individual and its friends.

IV. Experiments

A. Experimental settings

HEAPS was used as encoding scheme. The logic
operators used were MinAnd-MaxOr and AverageAnd-
MaxOr and all the genetic operators were described in
III-D. Classifier evolution was done using the Hybrid
Adaptative Evolutionary Algorithm HAEA proposed
in [28], which adapts the rates for genetic operators
while evolves the problem solution. Each experiment
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if x-2 is not set-0-19 then data_record is class-2

if ((x-2 is not set-1-31) and  ( x-0 is not set-14-15) ) or  ( (x-2 is not set-11-27) and  ( x-3 is not set-19-31) )  then data_record is class-0
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if ((x-3 is set-12-21) and  ( x-0 is not set-25-30) ) or  ( x-0 is set-13-14)  then data_record is class-1

if x-2 is not set-0-19 then data_record is class-2

if ((x-2 is not set-1-31) and  ( x-0 is not set-14-15) ) or  ( (x-2 is not set-11-27) and  ( x-3 is not set-19-31) )  then data_record is class-0

Fig. 5. Classifier construction for the k -th individual from class 2

PREDICTED
ACTUAL Class 1 Class 2 · · · Class m
Class 1 11 12 · · · 1m
Class 2 21 22 · · · 2m

...
...

...
...

Class m m1 m2 · · · mm

TABLE I

Fuzzy confusion matrix

included 100 iterations for the evolutionary algorithm.
The size of each subpopulation was calculated follow-
ing the suggestion of section III-A, with 6 bits as friend
size for all data sets except GLASS, where the size was
5 bits, so that all data sets with more than two classes
had the same total number of individuals.

The validation technique used was a 10-fold cross-
validation. In 10-fold cross-validation, the data set is
divided into 10 subsets of equal size. The training is
made 10 times, each time leaving out one of the sub-
sets from training, but using only the omitted subset
to test. In this form, the training patterns are different
from the test pattern with which we measure the fitness
of each rule. This technique was used 5 different times
for each data set, so the reported results are the aver-
age over those 50 runs. The w value was fixed to 0.9.
Also, tuning of trapezoidal fuzzy sets was used. All the
experiments were performed on the data sets presented
in table II.

B. Analysis of results

1. Comparison of fuzzy logic operators: Table III
shows the results from compare MinAnd-MaxOr

and AverageAnd-MaxOr. MinAnd-MaxOr was
better in all data sets except WINE. However, the
difference between the values obtained with this
operator and AverageAnd-MaxOr are no signifi-
cant.

2. Comparison of fuzzy sets: fixed and tuned fuzzy
sets was compared using MinAnd-MaxOr. Table
IV shows that in general, using fixed fuzzy sets is
slightly better than using tuning of fuzzy sets. It
is true because the length of a chromosome using
fixed sets is shorter than the one using tuned sets.
Then, the search space is smaller, requiring less
iterations to reach a good performance. For this
reason, it is suggested to use tuning of fuzzy sets
when the fuzzy set collection is not clearly deter-
mineable, i.e., the class separation is not adjustable
to a predefined fuzzy set. This is the case of the
GLASS data set, which has two attributes with a
few number of samples. Notice than using tuning
of fuzzy sets generates better results than using
fixed fuzzy sets.

3. Fuzzy rule length: Figure 6 shows the classifier
obtained in a typical execution of the proposed
approach for GLASS data set. In this case, the
maxim number of atomic expressions was seven,
using MinAnd-MaxOr fuzzy logic operator. In
general, rules generated using this technique and
MinAnd-MaxOr have around 6 to 7 atomic ex-
pressions, while rules generated with AverageAnd-
MaxOr have around 4 to 5 atomic expressions.
Therefore, the proposed approach generates sim-
ple and tuned fuzzy rules.

4. Comparison with results reported in the litera-



DATA SET CLASSES DIM SAMPLES
TOTAL PER CLASS

BREAST 2 9 699 {458, 241}
PIMA 2 8 768 {500, 268}

HEART 2 13 270 {150, 120}
IRIS 3 4 150 {50, 50, 50}

WINE 3 13 178 {59, 71, 48}
GLASS 6 9 214 {70, 76, 17, 13, 9, 29}

TABLE II

Machine Learning Test-Bed

LOGIC
POPULATION SIZE Not, MinAnd,MaxOr,MaxDefuzzy Not, AverageAnd, MaxOr,MaxDefuzzy

glass 192 73.73±6.88 70.21±8.91
wine 192 96.85±3.79 97.3±3.97
iris 192 97.73±4.78 97.06±4.07

heart 128 80.07±7.01 79.18±8.91
breast 128 95.7±2.31 95.07±2.48
pima 128 75.37±3.91 76.59±3.78

TABLE III

Performance of different fuzzy logics with tuning fuzzy sets

FUZZY SET
POPULATION SIZE Tuning Trapezoid Fuzzy Set Fixed Fuzzy Set

glass 192 73.73±6.88 64.6±8.31
wine 192 96.85±3.79 97.6±4.29
iris 192 97.73±4.78 97.87±4.14

heart 128 80.07±7.01 84.96±7.15
breast 128 95.7±2.31 96.05±2.17
pima 128 75.37±3.91 78.57±4.49

TABLE IV

Performance of fixed and tuned fuzzy sets

if (((x-5 is not set-4-30) and ( x-8 is not set-11-12) ) and ( (x-4 is not set-1-6) and ( x-3 is not set-14-29) ) )
and ( ((x-2 is not set-5-9) and ( x-3 is not set-12-31) ) and ( x-1 is set-3-26) ) then data record is class-0

if ((x-0 is set-20-30) or ( x-0 is set-7-8) ) or ( (x-4 is not set-17-19) or ( x-2 is set-15-17) ) then data record is
class-1

if (((x-2 is not set-3-30) and ( x-3 is set-23-27) ) and ( (x-8 is set-16-28) or ( x-3 is not set-9-29) ) ) and ( (x-4
is set-16-28) and ( x-0 is set-21-22) ) then data record is class-2

if (x-6 is not set-1-16) and ( x-3 is not set-21-23) then data record is class-3

if (((x-4 is not set-9-17) and ( x-0 is set-6-21) ) and ( (x-1 is not set-3-18) and ( x-6 is not set-8-22) ) ) and (
((x-7 is set-8-25) and ( x-3 is not set-1-5) ) or ( x-4 is set-11-13) ) then data record is class-4

if x-7 is set-2-21 then data record is class-5

Fig. 6. Classifier obtained in a typical execution of COFRE for GLASS data set.



Method BREAST PIMA HEART WINE GLASS Statistical Test
COFRE 95.70 75.37 80.07 96.85 73.73 10-fold-cross-validation

EFR-FUB 94.85 74.21 78.96 94.31 61.17 10-fold-cross-validation
EFR-FRRN 94.58 74.21 78.96 95.49 60.02 10-fold-cross-validation

QDA 94.90 74.80 57.80 99.40 - Leave-one-out
LDA 96.00 77.20 60.40 98.90 59.70 Leave-one-out

GAP-sel - - - 97.20 70.10 None
GAP-par - - - 93.30 67.30 None

C4.5 94.70 73.00 22.90 - 68.20 Leave-one-out
kNN 96.90 71.90 65.60 95.50 72.00 Leave-one-out
SSV 96.30 73.70 - 98.30 - 10-fold-cross-validation
FSM 96.90 - - 96.10 - 10-fold-cross-validation
WM 87.10 71.30 - - 54.70 -
GIL 90.10 73.10 - - 64.60 -
ABD 96.00 75.90 - - 64.10 -
ABA 95.10 74.80 - - 64.10 Random (50-50)%

TABLE V

Comparative performance of the proposed approach

ture: Table V2 presents the results obtained with
COFRE vs. other classification techniques. This
result was good compared to other classification
techniques. For multiclass problems, COFRE was
superior to the binarization techniques (EFR-FUB,
EFR-FRRB). The most important difference can
be appreciated in the GLASS data set, where
the performance was higher than the performance
reached by oher techniques. In particular, com-
paring the obtained results by COFRE against the
evolution of fuzzy rules using binarization tech-
niques, the difference was substantial, around 12%.
This performance was reached due to the coopera-
tive coevolutionary approach of COFRE, since the
interaction of individuals from different classes and
the evaluation of their rules as a classifier do not
allow such rules be overfitted when a class has few
samples.

5. Complexity compared to other techniques: An
analysis was made to establish the complexity
in terms of the number of times that the data
set is read in each one of the techniques (it was
considered a population of 100 individuals and
100 iterations for all the analyzes, where 100*100
is the number of times that the fitness function
should be evaluated ):

Complexity to COFRE: Each individual in
COFRE reads the data set m times (one by class),
so for 100 iterations with 100 individuals, COFRE
reads the data set m*10000 times.

2Results for FUB and FRRB taken from [12]. Results reported
for QDA, LDA, C4.5, kNN, SSV and FSM taken from [30]. Re-
sults for WM, GIL, ABD, and ABA taken from [32]. Results for
GAP taken from [31], where the number of fuzzy rules was close
to the number of classes.

Complexity to Fuzzy Round Robin: This
technique works with pairs of classes, therefore
it does not read the entire data set but just i,j
classes samples. The data set training size for a
pair of classes i,j is Si + Sjwhere Scis the number
of samples of the class c in the data set. The set
(Si + Sj) is read 10000 times for 100 iterations
and 100 individuals. If this is made for each
pair of classes and each class is at least into m-1
pairs then the data set is read (m−1)∗10000 times.

En el caso de Unordered, el conjunto de datos
es léıdo una vez por las m corridas del algoritmo
evolutivo. . Por lo tanto, para 100 individuos
y 100 iteraciones el conjunto de datos se utiliza
m*10000 veces.

Complexity to Fuzzy Unordered: In this ap-
proach the data set is read one time by the m
runs of the evolutionary algorithm. Therefore, for
100 individuals and 100 itereations the data set is
read m ∗ 10000 times.

V. Conclusions

A fuzzy rule coevolutionary approach was proposed.
This approach introduced the friend concept in order to
allow individuals from different classes to work together
to reach a high performance. The main contributions
of this paper are:

• Presenting a coevolutionary technique to evolve
fuzzy rules that only needs one execution of the
evolutionary algorithm.

• Proposing an encoding scheme for a coevolution-
ary approach, that stores the information of the
individual(encoded rule) and allows it to obtain
the information of the individuals that colaborate



with it.
• Introducing a fitness function that does not con-

sider individuals separately but groups of them.

Conducted experiments showed that the proposed ap-
proach produces good perfomance on different data
sets. Although, in some cases the results were similar
to other techniques, the simplicity of our technique re-
quires only one run of the evolutionary algorithm even
when there are more than two classes.

Also, the coevolutionary character of our approach
reduces the overfitting of rules for some classification
problems, having few samples for one class.
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